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Abstract 

We give a simple combinatorial criterion allowing to recognize whether a string (or, 
more generally, a special biserial) algebra is a laura algebra or not. We also show that 
a special biserial algebra is laura if and only if it has a finite number of isomorphism 
classes of indecomposable modules which have projective dimension and injective 
dimension greater than or equal to two, solving a conjecture ok Skowrohski for 
special biserial algebras. 
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Let k be an algebraically closed field. A finite-dimensional fc-algebra R is bis- 
erial if the radical of every projective indecomposable i?-module is the sum 
of two uniserial modules whose intersection is simple or zero [7]. In 1983, 
Skowronski and Waschbusch characterized biserial algebras of finite represen- 
tation type by the fact that almost split sequences have at most two non- 
projective middle terms [12]. The biserial algebras which have at most two 
middle terms in their almost split sequences are called string algebras (see 
[6]). The following definition is equivalent: 

Definition 1 A k-algebra R is a string algebra if it admits a presentation 
R = kQ/I such that : 

(1) Each point has at most two arrows entering and two arrows exiting; 

(2) For each arrow a : x — > y there is at most one arrow (3 : y — * z such that 
a(3 is not in I and at most one arrow 7 : z — > x such that 7a is not in I ; 

(3) The ideal I is monomial. 
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The characterizations of string algebras which are of finite representation type 
[6], tilted [10], quasi-tilted [9] and shod [5] are known. For a string algebra 
R = kQ/I, we have the following definitions. A walk in the quiver of R is 
reduced if it contains no subwalk of the form aa" 1 or of the form a~ x a. A 
cycle is a non-oriented cycle, that is, a reduced walk starting and ending in 
the same point of the quiver. A walk a; is a string if it is reduced and contains 
no relation. Given a string oj, the representation admitting a copy of the field 
k at x for each passage of uj on x and with the obvious morphisms is the string 
module over oj, denoted by M(uj). A walk uj is a band if it is a cyclic string 
which is not the power of another cyclic string and if there is no n such that 
uj n is in /. 

Laura algebras have been defined independently by Assem and Coelho [2] and 
Skowrohski [11]. Let A be an algebra, its left part is the full subcategory of 
indA defined as follows: 

C A = {M E indA | for all L ~» M, dpL < 1} 

Its right part is dually defined and is denoted by IZa- 

Definition 2 An algebra A is laura if indyl\(£^U7?.A) contains finitely many 
objects. 

We say that R is strict laura if it is laura but not quasi-tilted. Skowrohski 
conjectured that an algebra R is laura if and only if the number of indecom- 
posable modules with projective and injective dimension greater than or equal 
to two is finite. 

Our aim is to characterize laura string algebras and to show Skowrohski's 
conjecture for these algebras. 

Definition 3 Let R = kQ/I be a string algebra, anduj be a double-zero on Q 
(see [9] for instance). We say that uj is an interlaced double-zero, abbreviated 
by DOZE, if there exist a band 0J2, two walks uj\ and 0J3 and two relations p\ 
and P2 such that uj = p\uj\uj2UJj,p2- 

Remark that if uj = piUJ 1 uj 2 uJ3P2 is a DOZE, then piUj 1 uj 2 n uJ3P2 is a double-zero 
for all n > 0. 

The first two sections will be useful for proving the following theorem. Recall 
that an algebra is quasi-tilted of canonical type if its bounded derived category 
is equivalent to the bounded derived category of a category of coherent sheaves 
cohX on a weighted projective line X in the sense of Geigle and Lenzing. 

Theorem 4 Let R = kQ/I be a string algebra having no DOZE and such 
that Q contains a band. 
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a) If Q has at least one band with at least one arrow entering and at least 
one arrow exiting, then R is quasi-tilted of canonical type. 

b) If Q contains at least one band and is such that each band has either only 
exiting arrows, or only entering arrows, then R is strict laura or tilted. 

In the third section, we prove the validity of Skowrohski's conjecture for string 
and more generally for special biserial algebras. Our main results are the 
following two theorems. 

Theorem 5 Let R = kQ/I be a string algebra. The following are equivalent: 

a) There is no DOZE on (Q,I); 

b) R = kQ 1 1 is laura; 

c) R has only a finite number of isomorphism classes of indecomposable 
modules having projective and injective dimension greater than or equal 
to 2. 

If R is a special biserial algebra, let J be the minimal ideal containing all 
paths lying in non-monomial relation. Then Rj J is a string algebra. 

Theorem 6 Let R = kQ/I be a special biserial algebra. The following are 
equivalent: 

a) There is no DOZE on (Q,I); 

b) R = kQ j I is laura; 

c) R has only a finite number of indecomposable modules having a projective 
and an injective dimension greater or equal than 2; 

d) Rj J is laura. 



1 Preliminaries 

A quiver Q is a tuple (Qo, Qi, s : Q\ — > Qo, t : Q\ — > Qq). We call Qo the set 
of vertices, Qi the set of arrows, s(a) the source of the arrow a and t(a) the 
target of the arrow a. The algebra kQ is the k- vector space generated by all 
the paths on Q with the multiplication defined by the composition of paths. 
If I is an ideal of kQ, consider the algebra kQ/I. We have a complete set 
of idempotents of kQ/I given by the trivial paths on each vertex x, denoted 
by e x . For a finite dimensional, basic and connected /c-algebra R = kQ/I, 
we denote by mod R the category of finite dimensional left i?-modules. The 
indecomposable projective, injective and simple modules associated to e x will 
be denoted respectively by P x , I x and S x . A path in modi? from M to is a 
sequence 

(*)M = M f - — > • • • £*M t = N 
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of non-zero morphisms between indecomposable modules. The path (*) is 
called sectional if, for any i, we have that Xi 3= rX i+2 . A refinement of (*) is 
a path 

(*)M = X 9 - — ^X 1 • • • &X a = N 

with s > r such that there is an order-preserving function a : {1, 2, 3, 
t - 1} -> {1, 2, 3, s - 1} such that M t = X a(i) for all i. The path (*) is 
called sectionally refinable if it has a sectional refinement. It is well known that 
an algebra is laura if and only if there is only a finite number of isomorphism 
classes of indecomposable modules on a path going from an injective module 
to a projective module. Let R be a strict laura or a tilted algebra then R 
has a unique faithful nonsemiregular component which is quasidirected. Let 
(^r^AeA be the left stable parts of the faithful non semiregular components 
(since R is laura, A is a finite set). Let (jEa)aga be complete slices of each 
one of those stable parts (since each component has a finite number of orbits, 
such slices exist). For all A G A, we define oo-Ra to be the full subcategory 
generated by the support of ;S A . The left end algebra ^R of R is by definition 
the product of the oo-Ra- We define dually the right end algebra R^ of R. 



2 String algebras without DOZE 



Throughout this section, let R = kQ/I be a string algebra. The following 
lemma will be useful for the next two sections: 

Lemma 7 If R = kQ/I has no DOZE, then two bands of R intersect in at 
most one point. 

Proof: We verify that for all cases with more than one point in common, we 
obtain a DOZE. If oj\ and 0J2 have a non trivial walk u in common, we have : 




where uj\ = uaiu[(3i and uj 2 = wa^" 1 ^/^ 1 in the first case and u± = 
uaiuj'^i -1 and co 2 = ua2~ 1 uj' 2 P 2 in the second case. In the first case, a 2 uj[P2 
is a DOZE. In the second, a 2 u[uuj 2 Pi is a DOZE. If lo\ and oj 2 have no non 
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trivial walks in common, we have one of the following three cases: 




where lo\ = /3iwyi5iu[ai and u>2 = fiiVlz&iw'tfXi in the first case, lo\ = 
Pi^wyidiu'^i and uj 2 = fhv^^w!}^ -1 in the second case and uj\ = / 9i~ 1 M7 1 5 1 ~ 1 c<j^a 1 
and u>2 = /92 - y72~ 1 ^2^2 Q; 2~ 1 in the last case. 

Then, in the first case a\Piwyi5i is a DOZE, in the second fi\fliwyib~i is a 

DOZE, and in the third fiifowy^ 1 &i X wct\Oi2 is a DOZE. 

□ 



2.1 Quasi-tilted algebras without DOZE 

Remark 8 Let R = kQ/I be a string algebra without DOZE having a band 
6 with entering arrow [3 and exiting arrow a. Let f3 + be an arrow of 6 such 
that (3(3 + G /. Then there is a string to on O, going from the source of (3 + to 
the source of a, such that uoa is a string. 

Proposition 9 Let Q be a quiver with a band having at least one entering 
arrow f3 and at least one exiting arrow a. If R = kQ/I is a string algebra 
having no DOZE, then R has no double-zero. 

Proof: We denote by f3 + the arrow such that f3f3 + G / and by a~ the arrow 
such that a~a G /. Suppose that we have a double-zero. If f3f3 + is the relation 
at the beginning of the double-zero then we have a DOZE. Thus, suppose that 
this is not the case. Then we can find a walk of minimal length between the 
end point of f3 + and a point on the double-zero. If the first relation on the 
walk of minimal length composed with a part of the double-zero points in the 
same direction than f3(3 + , we have a DOZE. Otherwise, let uj be the walk going 
from t(f3) to s(a~) such that f3u is a string. Then we have a DOZE. 
□ 



2.2 Cycles on a string algebra without DOZE 

We now consider the case where each cycle has only entering arrows or only 
exiting arrows. We ignore the trivial case where R has only one band with 
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neither entering nor exiting arrow (in this case, R is hereditary). We denote 
by Oi,02,...,0 n the bands (up to a cyclic permutation) having only exiting 
arrows. Since R is finite dimensional, a band has a point a such that all 
arrows starting at a belong to 0. We arbitrarily choose such a point on each 
cycle 0j and denote it by at. Let a be an exiting arrow of 0j. We denote by a~ 
the arrow of 0j such that a~a G /. We denote by p[ i>a ) the minimal reduced 
walk going from dj to t(a) and passing through a~a. 

We denote by Ai, A 2 , A m the bands (up to a cyclic permutation) having 
only entering arrows. 

Definition 10 Let R = kQ/I andu be a string of(Q,I). We denote by W(u) 
the set of strings u' of (Q,I) such that u' = iO\UUJ 2 . We denote by D(u) the 
subcategory of (Q, I) whose objects are the points x such that there exists a 
string in W{uj) passing through x and whose morphisms are the composition 
of arrows a for which there exists a string of W{uj) passing through a. 

Definition 11 Let R = kQ/I be a string algebra such that each band on its 
quiver has only entering arrows or only exiting arrows. We define Ai to be the 
subcategory of R whose objects are the points of D(e ai ) and whose morphisms 
are given by the linear combinations of paths of arrows of D(e ai ). The algebra 
Ai is the quotient of the path algebra of D(e a .) by I H D(e ai ). Note that Ai 
does not depend on the choice of ai. 

We define dually the categories Bj. 

Example: Let Q be the quiver 




with / the ideal generated by a±pi, «2P4, Ps^i, P8$2, PiOti for i such that 
i G {1, 2}, 7j/5j for i such that G {1,2} and 5j^j = for j such that j G {1, 2}. 
Then R = Q/I contains no DOZE. We have B = B X ^B 2 with B x the full 
subcategory generated by {1,2,5} and B 2 the full subcategory generated by 
{3,4,6}. We also have A = A 1 x A 2 with A 1 the full subcategory generated 
by {8, 10, 11} and A 2 the full subcategory generated by {9, 12, 13}. 

Lemma 12 The categories D(e ai ) are full in R. 
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Proof: By contradiction, suppose that x and y are objects of Ai and let 7 : 
x — > y be an arrow which is not in D(e ai ). Then there exist strings w : a, ^ 1 
and uj' : Oj y, and since 7 is not in Aj, a> and a;' are such that uj'y and 0/7" 1 
are reduced walks containing a zero-relation. But in this case, the zero-relation 
must contain 7 and thus uj = ua\...a n and uj' = u'a^...a~+ 2 i with a.\...a. n r ) 
and r ya n+ 2---a m some relations. Thus, 7^ /_1 0iP(j iQ ,) is a DOZE, a contradiction. 
We can apply the same proof to every morphism in the category R. 
□ 

Lemma 13 Letx G (QaJo andy ^ (Qa^o- Then there is no arrow a : y — > rr. 

a consequence, if a relation p does not start in (Qa^o then it does not end 
in (QaJo- 

Proof: Suppose that such an arrow exists. Let u be a string from Oj to x. 
Then ua~ l is not a reduced walk or else contains a zero-relation. If it is not a 
reduced walk, then uj = uj'a, and y G (QaJo, a contradiction. If it contains a 
zero-relation, then uj = u' jS' 1 . . . j3± 1 with a(5i...(5 n in / and so a(3i...j3 n uj'~ 1 p' iri , 
with 7 an exiting arrow of Gj, is a DOZE, another contradiction. 
□ 

Corollary 14 The categories D(e ai ) are convex in R. 

Proof: This follows directly from lemma 13. 

□ 

Lemma 15 Each of the categories D(e ai ) contains only one simple cycle. In 
particular, it has no oriented cycle. Therefore, no relation p starts in (QaJo 
and ends outside the cycle Oj. 

Proof: Suppose that there are two distinct cycles O and 9j in D(e ai ). If O 
contains a relation, we have a DOZE by gluing the relation with a walk relating 
the two cycles and which is chosen such that the two relations point in the 
same direction (this is possible because 9 and Gj are cycles). If not, we have 
a cycle with an exiting or an entering arrow and so we have a relation of the 
form a~a or of the form f3f3 + . In each case, we can construct a DOZE. The 
last statement follows from Lemma 13. 
□ 

Recall that an algebra R is left glued if TZr is cofinite in indi? (see [1]). 

Proposition 16 For all i, with 1 < i < n, the algebra Ai is a tilted algebra 
containing a complete slice in its postprojective component. In particular, it is 
left glued and all but a finite number of isomorphism classes of indecomposable 
Ai-modules are in TZAi- 

Proof: Let a be an arrow from x to y in A4. We want to show that the 
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projective Aj-modules P x and P y , with respective tops S x and S y , are in the 
same component of the Auslander-Reiten quiver of A*. The radical of P x is 
the direct sum of at most two terms, one of them is a uniserial module L with 
top S y . Moreover, there is an epimorphism / from P y to L. Since the inclusion 
of the radical of a projective module into this projective module is irreducible, 
we only have to show that / lies in a finite power of the radical of the module 
category. 

Suppose f\ : M — > L and fi : P y — > M is a factorisation of /, where M may 
be decomposable. 

Py-^M-^L *P X . 

Since / is an epimorphism, L is a quotient of M. Let z\ belong to the support 
of L, z 2 belong to the support of M but not to that of L and (3 be an arrow 
from z\ to Z2. Since L is a direct summand of radP x , there exists a walk ui' 
such that uj'(3 is in the support of M and au'/3 G / (u/ may be trivial). 
We have a relation of / starting at x, thus x is on the cycle 0, by Lemma 15. 
Since there is no relation on a band, f3 is not on a cycle (by Lemma 15), and 
every arrow on a reduced walk beginning with au'f3 and being the successor 
of P is not in 0j. 

Thus, every arrow of the support of M lies in the support of L or is not in 0j. 
Since 0» is not included in the support of L, it is not in the support of M. 
The /c-dimensions of the direct summands of M are bounded above since the 
support of M contains no band. 

We showed that there exist only a finite number of isomorphism classes of 
indecomposable modules which are direct summands of a module through 
which / factors. 

Now, we only have to see that At contains no double-zero (otherwise we have 
a DOZE since we have a string between every point of Ai and 0$). So Ai is 
tilted (see [10]) and we have our result by Theorem 3.4 of [10]. 
□ 

Definition 17 Let E be the set of strings which are not in one of the sub- 
categories Ai or Bj . We define the middle part C to be the subcategory which 
has as set of objects {Jwge{D(uj))q and as set of morphisms E we ^(Z}(cj)(a;, y)) 
from x to y. 

Remark 18 The algebra C is of finite representation type since it contains 
no band and it is a string algebra (see [6]). 

2.3 Module Category 

We now begin the study of the category of indecomposable modules of R, 
with the aim to prove that it is a laura algebra under assumptions of this 
subsection. We denote by A = TIILi ^« the emphright side algebra of R and 
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by B = YljLi Bj the emphleft side algebra of R. 
Proposition 19 indi? = indA U mdB U indC 

Proof: Every Aj-module or ^-module can be considered as an i?-module since 
Ai and Bj are full and convex subcategories of R, by completing their repre- 
sentations by zeros. Every C-module is a string module and thus is a string 
i?-module. 

Let M be an indecomposable i?-module and w be a string lying in the sup- 
port of M. Then each point and each arrow of the support of M are in D{uj). 
Suppose that all points of M are in one of the Ai, or in one of the Bj, but not 
all in the same. Let 1 be a point of Ai which is not in Bj and y be a point of 
Bj which is not in Ai. Then the string cu : x ~* y cannot be in Ai, nor in Bj, 
and thus by definition lies in C. □ 

Proposition 20 Let M be an indecomposable Ai-module, N be an indecom- 
posable R-module which is not an Ai-module and f : M — > N be a non-zero 
morphism. Then M is a C-module or M is a B -module. 

Proof: Suppose that M is neither a -B-module, nor a C-module. Then the 
support of M contains at least a point z' which is not an object of B U C. So 
it is an object of Ai for some i. 

The image of / is a submodule of N , so there exist a string uj going from z' 
to x and an arrow a : y — > x, with x in the support of the image of / and y 
in the support of N but not in the support of the image of /. 
Since iV is not an A-module, the support of N contains at least a point z 
which is not an object of A^. Since z and y are in the support of N, there 
exists a string v going from y to z of the form. 

z , w x^^y * z. 



But z' is not in SUC and z is not in A^. Then there is no string between them, 
since such a string would be neither in A, nor in B, so it would be in C. If 
ojoT x v is a reduced walk, it contains a relation and this relation must contain 
a. But in this case, we obtain a relation entering in A i; a contradiction. 
Thus ojoTxv is not reduced and the relation between z and z' goes in the other 
direction. Suppose that a 1 a2--.a n is going from z'* to z* , as illustrated bellow. 



z'* *- ^ : 5 *- z* 

X 

t 

y 
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Since ui and v are strings, so are OL\...a.iT] and r\ l ai + \...a n . Since R is a string 
algebra, this implies that n — 2. 



t 

y 



The target of a± is on u; and on u, so it is in the support of Imf. Since Imf 
is a quotient of M, z'* is in Imf . And since Im/ is a submodule of A/", is in 
Im/, a contradiction to the fact that aia 2 G / and to Lemma 15. 
□ 

Proof of Theorem 4: The first part of Theorem 4 follows now directly from 
[10] (Theorems 2.6 and 3.4) and [8] (Theorem 3.1). 

For the second part, the last proposition with the fact that 
|indAjfl ind.Bj| < | md(AinBj)\ < oo say that there exists only a finite number 
of isomorphism classes of indecomposable ^-modules which admit successors 
from ind-R\ indAj. Let X^ be the subcategory of indAj which contains modules 
without successors from indi?\ indA,, that is 

Xi = {X e indAi / for all ^ f : X -> Y in indR, Y E indAi}. 

We have that Xi is such that if M is an Aj-module in Xi and if there is a 
non-zero morphism / from M to M', then M 1 is in Xi. We define dually yj. 

We have that if / : M — > is a morphism, where M and are objects of 
Xi, then / is irreducible in if and only if / is irreducible in R, since the 
morphisms are preserved (this follows from the fullness of the categories Ai 
and Bj and from the fact that there are no points lying in Ai n Aj if i ^ j). 
By studying the Auslander-Reiten translation in Ai and in R, we can show 
that it is preserved. Take 

(*) : *rIo^-+rIi 

a minimal injective resolution of M in R. We know that r i ^ 1 (M) = Coker z/~ 1 (i 1 ), 
where v denotes the Nakayama functor. 

v-\ R h) U ^v-\ R h) -Coker i/" 1 ^) 

We compute t^ 1 (M) in the same way. In general, z/^ 1 (^./ ) is a quotient of 
v ^(rIo) and v^^aJi) is a quotient of ^ _1 (r/i). The kernels K and K\ of 
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those projections contain no points of Ai in their supports. 





1 I 

K *-L ^0 

\ \ \ 

""Wo) ^±v-\ Ai h) ^(M) .0 

I I 




Let L be the cokernel of the induced morphism from Kq to K\. It contains 
no points of A; t . But r i? 1 (M) is an Aj-module and so L is zero and g is a 
monomorphism. It is also an epimorphism. Thus a path in Xi is sectionally 
refinable in X i if and only if it is also in indi?. 



Moreover, let P be an Aj-modules in X^, if P is i?-projective, then it is Ai- 
projective. If P is a .R-projective module, than for every i?-epimorphism, and 
in particular for every Aj-epimorphism / : M — > TV with g : P — > N, there 
exists an -R-morphism h : P — > M such that hf = g. Since h is a morphism 
between two Aj-modules, it is a morphism in modAj. On the other hand, an 
Aj-module I in Xi is an injective i?-module if and only if / is an injective 
Aj-module (this follows from Lemma 13 and from the construction of injective 
modules). 

Now, let (Q, I) be a string bound quiver having a band and such that each 
band has only exiting arrows or only entering arrows. Let R = kQ/I have 
no DOZE. We show that if M is not in Cr U TZr, then one of the following 
conditions is satisfied: 

(1) The module M is in indC; 

(2) There exist % and j such that 1 < i < n and 1 < j < m, and such that 
the module M is in mdAiDrndBj; 

(3) The module M is in indAj, but not in 1Za { ; 

(4) The module M is in ind-Bj , but not in C,B y 

If M does not satisfy the first two conditions, then by Proposition 20 there 
exists i such that M is in Xi or j such that M is in y, . In the first case, if M 
is not in TZr, then there exists a path of i?-morphisms which is not sectionally 
refinable from M to an i?-projective indecomposable module. From the results 
above, we obtain that M is not in IZai- ^ n ^ ne secon d, if M is not in Cr, then 
there exists a path of i?-morphisms which is not sectionally refinable from an 
i?-injective indecomposable module to M. We obtain that M is not in Cr ■ 
We have shown our statement. 
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In the four cases, M belongs to a finite set and thus all but a finite number 
of isomorphism classes of modules of indi? are in Cr U TZr. In particular, R is 
laura. It cannot be quasi-tilted of canonical type since none of its bands have 
entering and exiting arrows (see Theorems 2.6 and 3.4 of [10]). 

□ 

Corollary 21 Let (Q, I) be a string bound quiver having bands and such that 
each band has only exiting arrows or only entering arrows. Then, if R— kQ/I 
is a strict laura or a tilted string algebra without DOZE, its left and right end 
algebras are tilted of type A n . Consequently, each string strict laura or tilted 
algebra without DOZE is domestic. 

Proof: We have that Xi is such that if M is in Xi and there exist a non- 
zero morphism from M to M', then M' is in X i7 and such that only a finite 
number of Aj-modules are not in Xi. Therefore, if R is not quasi-tilted, we 
have that Xi contains a complete slice of modA, and this complete slice gives 
us a connected component of the right end algebra of R. Moreover, the right 
end algebra cannot contain another factor (in this case, by the arguments of 
the proof of Theorem 4, we obtain an infinite number of i?-modules which are 
not in Cr U TZr). The domesticity of R follows from [2]. 
□ 



3 DOZED string modules 

We now study string algebras whose bound quiver contains at least a DOZE. 

Definition 22 Let R = kQ/I be a string algebra with a DOZE 

on...aiUiU2 n u?,(3 m ...(3i 

for some walks a\...on, uj\, oo 3 , j3 m ...(5\ and a band u>2- The string module 
M n = M(cr„) corresponding to the string 

a n = a 3 ...a t uj 1 uj2 n uj 3 (3 m ...(3 3 

is called the DOZED module of power n. By convention, a 3 ...ai represents the 
trivial path if the relation a±...ai is of length 2. 

Theorem 23 Let R be a string algebra containing a DOZE. Then the DOZED 
string modules have projective and injective dimension greater than one. Thus, 
R is not laura. 

Proof: Let px<jJ\<jJ2 L > J zP2 be a DOZE where u 2 is a non-trivial band, p\ = a±...ai 
and p2 = f3 m ...f3\. Let M n = M(a n ) be the DOZED module and / the injective 
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envelope of M n . 

Let az...onon + i...ak be the longest path such that a n = a^...aiai + \...ak(j' n and 
x 3 , x 4 , ... x k+ i the vertices of this path. Then x k+1 is a sink of a n and thus 
I Xk+1 is a direct summand of I. Let 7Ti be the canonical projection on I Xk+1 , 
M n {x) and M n (a) be the vector spaces and the linear maps corresponding to 
the vertex x and the arrow a in the representation M n , respectively and f Xi 
be the linear map associated to Xi in the representation of the morphism /. 
Then we have the following identities: 

• TV 1 o M n (aii) = 7Ti x . for every i such that 3 < i < k; 

• 7Ti o M n (a 2 ) = by definition of M n ; 

• 7Ti o = 7Ti Xj for every i such that 2 < i < k, since aj.-.afe is the first 
non-zero path going to which is a sink of <7„; 

• 7Ti o/(a 1 ) = since a.\...an is a relation ending in xi + i and of minimal length 
for this property. 

Let t be the inclusion of M n in /, t x the linear map induced by 1 between 
M n (x) and I(x), C =Cokert and c =cokert. Then: 



• TV 1 o t x . = 7r lx . for every i such that 3 < i < /c; 

• ty 1 o = 0, by applying 7Ti to the equation t X3 o M n (a;2) 

• tti(C(x 2 )) = k since 7Ti o l X2 = and since 7ri(/(x 2 )) = fc; 

• 7Ti O C X2 = 7T lx .; 

• 7Ti o C:r3 = 0; 



7(a 2 ) o fca 



M n (a; 1 )- 



c{ Xl y 



C(«i) 



-M n (x 2 ) 







n) 













02) 








■M n (x 3 ; 









03) 








• 



M n {x A ) 




By applying 7Ti to the equation C(ai) o c Xl = c X2 o I(ai), we obtain that 
-KioC(a 1 ) o 

c^i — TTi c X2 o J(o;i) — 7Ti o 1(012) — 0. Since c Xl is an epimorphism, 
we have ~K\ o C(q;i) = 0. We show in the same way that 7Ti o (7(0:2) = 0, and 
that 7Ti o C(/3) = for every arrow /3 having x 2 for its source. 
Thus C admits an indecomposable direct summand whose support does not 
contain x\ and admits x 2 as a sink. So this direct summand (and thus C) is 
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not an injective module. 
□ 

Proof of Theorem 5: a) implies b): 

(1) If there is no band, the algebra is of finite representation type by [6], and 
we are done; 

(2) Otherwise, Theorem 4 gives us the statement. 

The statement b) implies trivially c). The statement c) implies a) by Theorem 

23. 

□ 

We now generalize Theorem 5 to special biserial algebras. 



4 Laura special biserial algebras and Skowronski's conjecture 

Definition 24 Let R be an algebra. It is a special biserial algebra if it admits 
a presentation R = kQ/I such that : 

(1) Each point has at most two arrows entering and two arrows exiting; 

(2) For each arrow a : x — > y there is at most one arrow (3 : y — > z such that 
ct(3 is not in I and at most one arrow 7 : z — ■> x such that 7a is not in I . 

Remark: For a special biserial algebra R, we denote J the ideal generated by 
the paths appearing in the commutativity relations of I. Then, Rj J is a string 
algebra. 

Definition 25 Let R = kQ/I be a special biserial algebra and (pi,p2) be two 
consecutive zero-relations on Q. We say that they form a DOZE if they do so 
on Rj J. 

By [13], if R is special biserial, any indecomposable i?-module which is not 
projective-injective is also an i?/J-module. This implies that any indecompos- 
able i?-module which is not projective-injective is a string module or a band 
module. Moreover, the restriction of scalars functor modi?/ J — > modi? is full, 
faithful and sends an irreducible morphism in modi?/ J onto an irreducible 
morphism in modi?. 

Proof of Theorem 6: The proof that (b) implies (c) follows from the defi- 
nition of laura algebras. 

Suppose that there exists a DOZE on (Q, I) and let M n be a DOZED module 
on i?/ J. Then M n is also an i?-module. We have shown in the proof of Theo- 
rem 23 that the injective dimension over Rj J of M n is greater than or equal to 
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two by building I Xl+1 and the cokernel C. Remark that a DOZE on R contains 
no path involved in a binomial relation. By applying the same technique, we 
show that the injective dimension of M n over R is greater than or equal to 
two and we get that c) implies a). 
The proof that a) implies d) follows from Theorem 23. 

For the last implication, let R be a special biserial algebra such that Rj J is 
laura. Let M be a non projective-injective i?-module which is not in CrVJIZr. 
Then there exist a non sectionally refinable path (*) going from M to a R- 
projective module P and a non sectionally refinable path (**) going from an 
-R-injective module / to M. 

(*) M T - l M—>P (**) I—^tM M 




The fact that (*) and (**) are not sectionally refinable is preserved in Rj J 
since an almost split sequence admitting a projective-injective middle term 
has at least another middle term [4]. Moreover, if P and / are not projective- 
injective modules, then they are Rj J-projective and Rj J-injective modules 
respectively. If P is projective-injective, then P/socP is an Rj J-projective 
module. We only have to compose (*) with the left minimal almost split mor- 
phism going from P to P/socP, and we get the desired path from M to an 
Rj J-projective module. 



M —^P^P/socP 



In all cases, if M is a non projective-injective i?-module which is not in Cr U 
7Zr, then it is not in Cr/jUTZr/j, and so the set of indecomposable i?-modules 
which are not in Cr U TZr is finite. 

□ 



We conclude with an example. 



Example: Let R = kQ/I, where Q is the following quiver: 



\ Pi 71 



; 



X 2 ^X A A x 7 ^-x 9 



and / is generated by a$i and 7^. This algebra is not a string algebra, but 
by applying the evident action of the group Z 2 , we obtain the skew group 
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algebra A[G] given by the following quiver: 

•'•:! 

where / is generated by ct/^, 72(5 and 71 <5. It is a string algebra which 
contains the DOZE a/3ijiS, this latter algebra is not laura by Theorem 5 and 
so the initial algebra R is not laura by [3]. 
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